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Engineering W-type steady states for three atoms via dissipation in an optical cavity
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We propose a scheme for dissipative preparation of W-type entangled steady-states of three atoms
trapped in an optical cavity. The scheme is based on the competition between the decay processes
into and out of the target state. By suitable choice of system parameters, we resolve the whole
evolution process and employ the effective operator formalism to engineer four independent decay
processes, so that the target state becomes the stationary state of the quantum system. The scheme
requires neither the preparation of definite initial states nor precise control of system parameters
and preparation time.
PACS numbers: 03.67.Bg, 42.50.Dv, 42.50.Pq
I. INTRODUCTION
Entanglement of multiple particles is not only an essen-
tial ingredient for a test of quantum nonlocality, but also
a key resource for implementation of quantum informa-
tion processing (QIP) [1–3]. Preparing entangled states
faithfully and reliably has been one of the main tasks in
quantum computation [4, 5]. To achieve this, one of the
main obstacles is decoherence induced by the environ-
ment. Recently, many strategies using decoherence as a
resource have been developed in quantum computation
and entanglement engineering [6–16]. Schemes based on
dissipative preparation require neither the preparation
of definite initial states nor precise control of system pa-
rameters and preparation time. Particularly, Kastoryano
and Reiter et al. [6–8] proposed a scheme to produce
maximally entangled states for two atoms trapped in an
optical cavity via engineering the decay process. Busch
et al. [9] showed that two atoms in an optical cavity can
be cooled to a maximally entangled state by employing
level shifts induced by laser fields. The distinct feature
of these schemes [6–9] is the linear scaling of the fidelity
with the cooperativity as compared to square root scaling
of the fidelity for the schemes based on unitary dynamics.
The idea of Refs. [6–8] has been applied to dissipative
preparation of maximally entangled states for two atoms
trapped in two coupled cavities [15]. However, most of
the previous theoretical schemes [6–15] and experiments
[17] concentrate on the preparation of entangled states of
two atoms. To our knowledge, there is no experimental
report for dissipative preparation of multipartite entan-
gled states in cavity QED.
One of the most important multipartite entangled
state is the W-type state which has been shown to have
valuable applications in QIP such as quantum teleporta-
tion [18], quantum dense coding [19], quantum cloning
machine [20], etc. Recently, three-qubit W states have
been achieved in optical systems [21], ion traps [22] and
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superconducting phase qubits [23]. Numerous schemes
have been proposed for generation of such states in cavity
QED via unitary dynamics [24–28]. However, a W state
has not been realized experimentally in cavity QED. The
fidelity of schemes based on cavity QED will suffer errors
coming from spontaneous emission and cavity decay, but
these two error sources can not be decreased at the same
time in unitary dynamics [6].
In this paper, we propose a scheme for the dissipative
preparation of W-type steady-state (the target state) of
three atoms in an optical cavity. The scheme is based on
the competition between the decays into and out of the
target state. Each laser field, assisted by the dissipative
cavity mode and atomic spontaneous emission, induces a
collective atomic decay process independently. The total
decay rate between any pair of collective atomic states is
the sum of those associated with the four engineered de-
cay processes. By suitable choice of system parameters,
the rate of decay into the target state is much larger than
that out of the target state so that the system finally ap-
proaches the target state no matter what the initial state
is. Numerical results show that the W-type steady en-
tanglement can be obtained with fidelity as high as 90%,
despite of the cooperativity parameter C as low as 75,
where C = g2/κγ.
II. ENGINEERING W-TYPE STEADY STATE
As shown in FIG. 1, three Λ-type atoms are trapped in
a single-mode cavity. Each atom has two ground states
|0〉 and |1〉 and an excited state |2〉. The cavity mode is
coupled to the |1〉 ↔ |2〉 transition resonantly. Two off-
resonance optical lasers, each with detuning ∆k and Rabi
frequency Ωk, drive the transition |0〉 ↔ |2〉 (k = 1, 2).
The |1〉 ↔ |2〉 transition is driven by two other different
lasers, each with detuning ∆k and Rabi frequency Ωk
(k = 3, 4) respectively.
It is a tough work to obtain the analytical result of the
present system for the reason that there is no interaction
picture in which the system Hamiltonian becomes time
independent. When the classical fields are sufficiently
weak, the condition ΩkΩl(1/∆k + 1/∆l)/2 ≪ |∆k −∆l|
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FIG. 1. (Color online) (a) Experimental setup for engineering
W-type entangled steady state for three atoms via dissipation
in an optical cavity. (b) Level diagram of a single atom. The
|1〉 ↔ |2〉 transition couples resonantly with coupling constant
g to the cavity field. Four off-resonance optical lasers with
detuning ∆k and Rabi frequency Ωk drive the transition |0〉 ↔
|2〉 (k = 1, 2) and |1〉 ↔ |2〉 (k = 3, 4), respectively.
(k, l = 1, 2, 3, 4; k 6= l) is satisfied. We can neglect the Ra-
man transition between two any classical fields. In this
case, each laser field, together with the dissipative cavity
mode and atomic spontaneous emission, induces a col-
lective atomic decay process independently. The whole
dissipative process is the incoherent combination of the
four independent decay processes.
Under the rotating wave approximation, the Hamilto-
nian associated with the kth independent decay process
in the interaction picture readsH(k) = H
(k)
0 +V
(k)
+ +V
(k)
− ,
where
H
(k)
0 = ∆ka
†a+
3∑
m=1
∆k|2〉m〈2|
+
3∑
m=1
(
ga|2〉m〈1|+ ga†|1〉m〈2|
)
, (1)
V
(k)
+ =
Ωk
3
3∑
m=1
|2〉m〈0|, (k = 1, 2) (2)
V
(k)
+ =
Ωk
3
3∑
m=1
|2〉m〈1|, (k = 3, 4) (3)
V
(k)
− =
(
V
(k)
+
)†
, a is the annihilation operator for the
cavity mode, and g is the atom-cavity coupling constant.
In the following, we assume that the system-
environment interaction is Markovian such that the evo-
lution of the density matrix ρ can be described by a mas-
ter equation of Lindblad form
ρ˙ = i
[
ρ,H(k)
]
+
∑
x
{
Lxρ(Lx)
†
−1
2
[
(Lx)
†Lxρ+ ρ(Lx)†Lx
]}
, (4)
where the Lindblad operators Lx represent various decay
sources. In the atom-cavity system, two decay sources
will inherently be present: spontaneous emission of the
excited state to the ground states |0〉 and |1〉 with decay
rates γ0,m and γ1,m (m = 1, 2, 3), and cavity leakage
at a decay rate κ. Seven Lindblad operators associated
with dissipation can be expressed as Lκ =
√
κ a, Lγ,0,m
=
√
γ0,m |0〉m〈2|, Lγ,1,m = √γ1,m |1〉m〈2|. We assume
γ0,m=1,2,3 = γ1,m=1,2,3 = γ/2 for simplicity.
According to Ref. [8], based on the competition be-
tween the unitary dynamics induced by the classical fields
and the dissipation dynamics, the time evolution of the
ground subspace is much slower than that of the excited
subspace when the excited states are not initially popu-
lated under the condition of weak classical fields. We can
adiabatically eliminate the excited cavity field modes and
excited states of the atoms. The system dynamics will
be reduced to the ground subspace in a strongly dissipa-
tive environment. To the second order in perturbation
theory, the dynamics of the system is governed by an
effective master equation in Lindblad form [6–8]
ρ˙ = i
[
ρ,Heff,k
]
+
∑
x
{
Lxeff,kρ(L
x
eff,k)
†
−1
2
[
(Lxeff,k)
†Lxeff,kρ+ ρ(L
x
eff,k)
†Lxeff,k
]}
. (5)
It contains the effective HamiltonianHeff,k and the effec-
tive Lindblad operator Lxeff,k (Lx represents seven Lind-
blad operators defined previously)
Heff,k = −1
2
V−
(
H−1NH,k + (H
−1
NH,k)
†
)
V+, (6)
Lxeff,k = LxH
−1
NH,kV+, (7)
where H−1NH,k is the inverse of the non-Hermitian Hamil-
tonian HNH,k = H
(k)
0 − i2
∑
x(Lx)
†Lx.
It will be convenient to work in the Fourier
transformed basis of the atomic ground states:
{|000〉, |S1,j〉, |S2,j〉, |111〉} (j = 1, 2, 3), where
|S1,j〉 = 1√
3
(ei
2jpi
3 |100〉+ ei 4jpi3 |010〉+ |001〉),
|S2,j〉 = 1√
3
(ei
2jpi
3 |110〉+ ei 4jpi3 |101〉+ |011〉), (8)
|S1,3〉 = 1√3 (|100〉+ |010〉+ |001〉) is the desired W-type
entangled state.
Applying Eq. (6) and (7) to each decay process, we
derive the corresponding effective Hamiltonian and effec-
tive Lindblad operators due to the competition between
unitary and dissipative dynamics (see Appendix A). We
insert these effective operators back into Eq. (5) and use
the projection operator approach for the density oper-
ator (i.e. 〈y|ρ˙|y〉). We note that 〈y|ρ˙|y〉 contains only
diagonal terms , which indicates there are no coherence
between the states. Hence, we can reduce the effective
master equation Eq.(5) to the rate equation for the pop-
ulation of states only. We also notice that the effective
Hamiltonian does not induce any transition between the
transformed basis states. Therefore, the transitions be-
tween these basis states are caused by collective decays.
3TABLE I. The decay rates µeff,|y〉,|S1,3〉 and µeff,|S1,3〉,|y〉 correspond to the effective decay channels from |y〉 to
|S1,3〉 and from |S1,3〉 to |y〉 respectively by combining four independent decay processes in Eq. (9).
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(∣∣∣
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TABLE II. The decay rates µeff,|y〉,|111〉 and µeff,|111〉,|y〉
correspond to the effective decay channels from |y〉 to
|111〉 and from |111〉 to |y〉 respectively by combining
four independent decay processes in Eq. (9).
|y〉 µeff,|y〉,|111〉 µeff,|111〉,|y〉
|S2,1〉, |S2,2〉
4∑
k=3
3
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√
γδ˜kΩk
3
√
6R˜3,k
∣∣∣
2 2∑
k=1
3
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3
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κgΩk√
3R˜3,k
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γδ˜kΩk
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6R˜3,k
∣∣∣
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We obtain the effective decay rate
µeff,|y〉,|z〉 =
4∑
k=1
µ
(k)
eff,|y〉,|z〉 (9)
from the basis state |y〉 to |z〉 by combining four de-
cay processes. To assure that the state |S1,3〉 becomes
the stationary state of the atom-cavity system, we need
to choose detuning ∆k such that the transition out of
|S1,3〉 can be strongly suppressed, while almost all the
population of the undesired states are driven into the
target state by collective decay. Then we keep the
terms with respect to |S1,3〉. These terms are summa-
rized in Table 1, where ∆˜k = ∆k − iγ2 , δ˜k = ∆k − iκ2 ,
R˜n,k = ∆˜k δ˜k − ng2. In particular, |111〉 can not be
driven into the target state directly. Effective decay from
|111〉 to |S1,3〉 is mediated by {|S2,1〉, |S2,2〉, |S2,3〉}. Ta-
ble 2 shows the decay rates between |111〉 and {|S2,1〉,
|S2,2〉, |S2,3〉}. Under the condition g ≫ Ωk, κ, γ, if
we set ∆1 = 0, ∆2 = g, ∆3 =
√
3g, ∆4 =
√
2g,
then the conditions µeff,|y〉,|S1,3〉 ≫ µeff,|S1,3〉,|y〉 and
µeff,|y〉,|111〉 ∼ µeff,|111〉,|y〉 are satisfied. Thus, we can
obtain state |S1,3〉 with high fidelity starting from ran-
dom initial states, where the stationary state fidelity
F = |〈S1,3|ρ|S1,3〉| = P1,3.
In order to evaluate the performance of the scheme, we
insert the decay rates obtained from the effective opera-
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FIG. 2. (Color online) The populations of the target state
|S1,3〉 (left axis) and the purity of the system (green solid
line, right axis) as a function of time for a random initial
state. The curves are plotted for a set of optimal parameters
C = 80, γ = 1.5κ, Ω1 = Ω3 = Ω, Ω4 = 2Ω2 = 1.2Ω. (a)
Ω = 0.04g. (b) Ω = 0.08g. Numerical results in Eq. (10)
(red, short dash) correspond with numerical curves obtained
from the full master equation (blue, solid line) well.
tors, and get the rate equations
P˙y =
∑
z 6=y
(
µeff,|y〉,|z〉Pz − µeff,|z〉,|y〉Py
)
, (10)
where Py is the population of state |y〉. Numerical so-
lution in FIG. 2(a) illustrates that we can obtain state
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FIG. 3. (Color online) Stationary state fidelity F as a function
of γ/κ for different values of C and Ω.
|S1,3〉 with high fidelity above 91% and the purity η above
82%, where η = Tr(ρ2), in a time 6000/g. FIG. 2 also
shows numerical results in Eq. (10) correspond well with
numerical curves obtained from the full master equation.
The discrepancy can be attributed to the fact that we
neglect the Raman transition between any two classical
fields.
Now let’s consider how the Rabi frequency Ω affects
the fidelity of the steady state and the convergence speed
of our scheme. The convergence speed is primarily gov-
erned by the magnitudes of Ω. From FIG. 2, we no-
tice that the convergence speed for the bigger Ω is about
four times larger than that for the smaller one. This
is because that the decay rate is proportional to the
square of the Rabi frequency. However, the Rabi fre-
quency should not exceed a certain amount, otherwise
the condition of weak classical fields will break down,
and the Raman transitions between any two classical
fields and the populations of the excited states should
be taken into consideration. Thus, as long as the con-
ditions ΩkΩl(1/∆k + 1/∆l)/2 ≪ |∆k − ∆l| and g ≫ Ω
are satisfied, an appropriate increase of Ω can speed up
the convergence greatly, but it will decrease the fidelity
slightly.
FIG. 3 shows the influence of γ/κ on the fidelity F of
the stationary state for different values of C and Ω. We
find that our scheme works best when γ ∈ [0.8κ, 1.8κ].
We set γ = 1.5κ in this paper. FIG. 4 shows the sta-
tionary state fidelity F as a function of the cooperativ-
ity parameter C for Ω = 0.04g. Then we carry out the
curve fitting for the numerical results of Eq. (10) with
the least square method, and obtain the error scaling as
1−F ∝ C−1 which is similar with the scaling for schemes
of Refs. [6–8]. From the inset of FIG. 4, we find out the
actual constants for maximizing the fidelity as follows
1− F ≈ 7.2C−1. (11)
Fidelity F sees a dramatic increase as the cooperativity
parameter C augments in FIG. 4. The fidelity over 90%
is attainable under a cooperativity parameter C as low
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FIG. 4. (Color online) Stationary state fidelity F as a func-
tion of cooperativity parameter C for γ = 1.5κ, Ω = 0.04g.
The inset gives the coefficient of the linear scaling in F as a
function of C.
as 75.
Nowadays the experimental parameters (g, γ/2, κ/2)
/2pi ≈(34, 2.5, 4.1)MHz and C ≈ 28 are achievable
[29–31]. Then the W-type steady states with the fi-
delity above 75% can be obtained, roughly in a time
5000/g ≈ 23µs. Compared to schemes based on uni-
tary dynamics in cavity QED whose optimal result is
1−F ∝ C−1/2 [32], the linear scaling of F in the present
scheme has an improvement on the cooperativity param-
eter. Therefore, the proposed scheme is very promising
to be realized based on the present QED techniques, and
the idea can also be generalized to other systems.
III. CONCLUSION
In conclusion, we have proposed a scheme for dissi-
pative preparation of W-type entangled steady states of
three Λ-atoms in a single mode optical cavity by engineer-
ing the effective decay processes. The dissipative dynam-
ics induced by the external fields and dissipative cavity
mode leads to the competition between decays into and
out of the target state. By suitable choice of the parame-
ters, the former can dominate the latter so that the target
state is the steady state of the system. We have shown
that a W state with a high fidelity can be obtained with
presently available cooperativity.
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Appendix A: Derivation of the effective decay
process
We now consider the 1st independent decay process
induced by the 1st optical laser with Rabi frequencies Ω1
and detuning ∆1, driving independently the transition
|0〉 ↔ |2〉, as shown in Fig. 1(b). In a rotating frame,
the Hamiltonian of this system in the interaction picture
reads H(1) = H
(1)
0 + V
(1)
+ + V
(1)
− , where
H
(1)
0 = ∆1a
†a+
3∑
m=1
∆1|2〉m〈2|
+
3∑
m=1
(
ga|2〉m〈1|+ ga†|1〉m〈2|
)
, (A1)
V
(1)
+ =
Ω1
3
3∑
m=1
|2〉m〈0|. (A2)
Under the condition of weak classical laser fields, we
can adiabatically eliminate the excited cavity field modes
and excited states of the atoms when the excited states
are not initially populated. Applying Eq. (6) and (7)
to our setup, we obtain the effective Hamiltonian and
Lindblad operators
Heff,1 = Re
[
δ˜1Ω
2
1
3R˜1,1
]
|000〉〈000|+Re
[
δ˜1Ω
2
1
18R˜2,1
]
(|S1,1〉〈S1,1|+ |S1,2〉〈S1,2|+ 4|S1,3〉〈S1,3|)
+Re
[
Ω21
6∆˜1
]
(|S1,1〉〈S1,1|+ |S1,2〉〈S1,2|)
+Re
[
Ω21
9∆˜1
]
(|S2,1〉〈S2,1|+ |S2,2〉〈S2,2|) + Re
[
δ˜1Ω
2
1
9R˜3,1
]
|S2,3〉〈S2,3|, (A3)
Lκeff,1 = −
√
κgΩ1√
3R˜1,1
|S1,3〉〈000| −
√
κgΩ1√
3R˜3,1
|111〉〈S2,3|
−
√
κgΩ1
3R˜2,1
(−e−i 2pi3 |S2,1〉〈S1,2| − ei 2pi3 |S2,2〉〈S1,1|+ 2|S2,3〉〈S1,3|), (A4)
Lγ,0,meff,1 =
√
γδ˜1Ω1
3
√
2R˜1,1
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+
( √γδ˜1Ω1
18
√
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+ i
√
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6
√
2∆˜1
)
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+
( √γδ˜1Ω1
18
√
2R˜2,1
− i
√
γΩ1
6
√
2∆˜1
)
(ei
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3 |S1,3〉〈S1,1|+ e−i 2mpi3 |S1,3〉〈S1,2|)
−
√
γδ˜1Ω1
18
√
2R˜2,1
(2ei
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+
√
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9
√
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9
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(e−i
2(m−1)pi
3 |S2,1〉〈S2,1|+ |S2,2〉〈S2,1|+ ei
2(m−1)pi
3 |S2,3〉〈S2,1|)
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2(m−2)pi
3 |S2,2〉〈S1,2|)
6+
( √γδ˜1Ω1
18
√
2R˜2,1
− i
√
γΩ1
6
√
2∆˜1
)
(ei
2mpi
3 |S2,3〉〈S1,1|+ e−i 2mpi3 |S2,3〉〈S1,2|)
−
√
γδ˜1Ω1
9
√
2R˜2,1
(ei
2pi
3 |S2,2〉〈S1,1|+ e−i 2pi3 |S2,1〉〈S1,2|)
+
√
γδ˜1Ω1
9
√
2R˜2,1
(−ei 2(m−1)pi3 |S2,1〉〈S1,3| − e−i
2(m−1)pi
3 |S2,2〉〈S1,3|+ 2|S2,3〉〈S1,3|)
+
√
γΩ1
3
√
6∆˜1
(e−i
2mpi
3 |111〉〈S2,1|+ ei 2mpi3 |111〉〈S2,2|) +
√
γδ˜21Ω
2
1
3
√
6R˜3,1
|111〉〈S2,3|, (A6)
where
∆˜k = ∆k − iγ
2
, δ˜k = ∆k − iκ
2
,
R˜n,k = ∆˜k δ˜k − ng2, (A7)
and Re[ ] denotes the real part of the argument. The
square of the coefficient of each term of Eq. (A4,
A5, A6) describes the effective decay rate. For exam-
ple, −
√
κgΩ1√
3R˜1,1
|S1,3〉〈000| indicates the decay from |000〉 to
|S1,3〉 at the rate | −
√
κgΩ1√
3R˜1,1
|2. We can obtain the ef-
fective Hamiltonian and Lindblad operators of the 2nd
decay process in the same way.
In the following, we study the 3rd independent decay
process caused by the 3rd classical field, driving the tran-
sition |1〉 ↔ |2〉. The perturbation V (3)+ is written as
V
(3)
+ =
Ω3
3
3∑
m=1
|2〉m〈1|. (A8)
Applying Eq. (6) and (7) to the process, we can obtain
the effective Hamiltonian and Lindblad operators
Heff,3 = Re
[
δ˜3Ω
2
3
9R˜1,3
]
(|S1,1〉〈S1,1|+ |S1,2〉〈S1,2|+ |S1,3〉〈S1,3|)
+Re
[
2δ˜3Ω
2
3
9R˜2,3
]
(|S2,1〉〈S2,1|+ |S2,2〉〈S2,2|+ |S2,3〉〈S2,3|) + Re
[
δ˜3Ω
2
3
3R˜3,3
]
|111〉〈111| (A9)
Lκeff,3 =
√
κgΩ3
3R˜1,3
(|S1,1〉〈S1,1|+ |S1,2〉〈S1,2|+ |S1,3〉〈S1,3|)
+
2
√
κgΩ3
3R˜2,3
(|S2,1〉〈S2,1|+ |S2,2〉〈S2,2|+ |S2,3〉〈S2,3|) +
√
κgΩ3
R˜3,3
|111〉〈111|, (A10)
Lγ,0,meff,3 =
√
γδ˜3Ω3
3
√
6R˜1,3
(ei
2mpi
3 |000〉〈S1,1|+ e−i 2mpi3 |000〉〈S1,2|+ |000〉〈S1,3|)
+
√
γδ˜3Ω3
9
√
2R˜2,3
(2ei
2(m−2)pi
3 |S1,1〉〈S2,1| − ei 2pi3 |S1,2〉〈S2,1| − e−i
2(m−1)pi
3 |S1,3〉〈S2,1|)
+
√
γδ˜3Ω3
9
√
2R˜2,3
(−e−i 2pi3 |S1,1〉〈S2,2|+ 2e−i
2(m−2)pi
3 |S1,2〉〈S2,2| − ei
2(m−1)pi
3 |S1,3〉〈S2,2|)
+
√
γδ˜3Ω3
9
√
2R˜2,3
(−e−i 2mpi3 |S1,1〉〈S2,3| − ei 2mpi3 |S1,2〉〈S2,3|+ 2|S1,3〉〈S2,3|)
+
√
γδ˜3Ω3
3
√
6R˜3,3
(ei
2(m−1)pi
3 |S2,1〉〈111|+ e−i
2(m−1)pi
3 |S2,2〉〈111|+ |S2,3〉〈111|), (A11)
Lγ,1,meff,3 =
√
γδ˜3Ω3
9
√
2R˜1,3
(|S1,1〉〈S1,1|+ e−i 2mpi3 |S1,2〉〈S1,1|+ ei 2mpi3 |S1,3〉〈S1,1|)
+
√
γδ˜3Ω3
9
√
2R˜1,3
(ei
2mpi
3 |S1,1〉〈S1,2|+ |S1,2〉〈S1,2|+ e−i 2mpi3 |S1,3〉〈S1,2|)
+
√
γδ˜3Ω3
9
√
2R˜1,3
(e−i
2mpi
3 |S1,1〉〈S1,3|+ ei 2mpi3 |S1,2〉〈S1,3|+ |S1,3〉〈S1,3|)
+
√
γδ˜3Ω3
9
√
2R˜2,3
(2|S2,1〉〈S2,1| − ei
2(m−1)pi
3 |S2,2〉〈S2,1| − e−i
2(m−1)pi
3 |S2,3〉〈S2,1|)
7+
√
γδ˜3Ω3
9
√
2R˜2,3
(−e−i 2(m−1)pi3 |S2,1〉〈S2,2|+ 2|S2,2〉〈S2,2| − ei
2(m−1)pi
3 |S2,3〉〈S2,2|)
+
√
γδ˜3Ω3
9
√
2R˜2,3
(−ei 2(m−1)pi3 |S2,1〉〈S2,3| − e−i
2(m−1)pi
3 |S2,2〉〈S2,3|+ 2|S2,3〉〈S2,3|)
+
√
γδ˜3Ω3
3
√
2R˜3,3
|111〉〈111|. (A12)
The effective Hamiltonian and lindblad operators of 4th decay process can be obtained in the same way.
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